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ABSTRACT 
We give a simple characterization of harmonic functions which arises naturally in our study of 
the type function on a CR manifold M. There is a close relation between this and the notion of 
type of points. When, at a point p6M, the type function e(p.6) vanishes identically in 6, our 
characterization provides a method of construction of a holomorphic curve lying on M and passing 
through p. 
I. INTRODUCTION 
In the paper [DH], the type function @ was introduced on real hypersurfaces 
M in C2. The type function @ = @(p, a), p E M, 0~6 I do, is continuous with 
respect to both variables. Roughly speaking, the function @ measures the max- 
imum distance from the point p to the centers of analytic discs of radius at most 
6 with boundaries on M. Actually, in a given coordinate system, only special 
discs are taken whose centers fall perpendicularly at p. For fixed p EM, @(p, 6) 
is a (weakly) monotone increasing function of 6, with @(p,O) =O. Hence 
@(p, 6) vanishes to either finite or infinite order at the origin, as 6 L 0. This 
distinguishes whether p is a point of classical finite (in the sense of Kohn, 
Bloom-Graham, D’Angelo) or classical infinite type. A precise definition of @ 
and its main properties are given in Q 3. 
* Partially supported by Grant RP.I.10 of the Polish Ministry of National Education. 
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In this paper we prove a different version of a recent characterization of har- 
monic functions due to Globevnik and Rudin [GR]. Here is a special case: 
THEOREM. Let D be the unit disc in a3 and h : D + IR, h E C(D). Suppose that 
&*h aeie + bk eik@) d0 = h(0) 
0 
for any w = w(c) = ai+ bk i” which maps D into D, k = 1,2,3,. . . . Then h is 
harmonic in D. 
In 5 4 we formulate and prove a more general version of the above theorem 
(Th.1). The proof is extremely elementary and moreover shows explicitly what 
class of test functions w = w(i) are sufficient to guarantee that the function h 
is harmonic. In a sense, we have found an answer to a question posed by 
Globevnik and Rudin in [GR]. 
In 0 5 we apply Th.1 to the problem of the description of the hull of holomor- 
phy of subsets of a hypersurface M in C2. Namely, the theorem shows which 
analytic discs with boundaries on M are enough to take in order that their 
centers fill up a part of the hull of holomorphy of subsets of M. This is also 
related to the behavior of the type function @, especially in the cases where A4 
is rigid, or of finite type. In 5.3, by using Th.1, we easily construct a formal 
holomorphic curve lying in A4 if @(p, 6) = 0 for 6 > 0 sufficiently small. Then, 
by making use of one of the main results of the paper [DH], we get (Th.11) that 
the formal curve is actually a holomorphic curve in M. 
2. DEFINITIONS,NOTATION, ANALYTIC DISCS ATTACHEDTO A HYPERSURFACE 
A smooth (C”) embedded submanifold M of C:” is called Cauchy-Riemann 
(CR) if the complex dimension of the complex part of the tangent fibre T,(M) 
to M at p does not depend on p, i.e. 
dim,(T,(M) fl flT,(M)) = I(p) = const. 
By a CR function f: U + 6, U open in M, we mean a smooth function which 
satisfies the tangential CR equations on M. 
In this paper let M denote a smooth, embedded, orientable, hypersurface in 
C2. The orientability assumption is only technical and for convenience, not 
essential. 
If the hypersurface M is orientable, then we can fix a smooth mapping 
Q :M+AC/(C’), where AU(C2) is the space of affine unitary transforms in 
C2, such that for each (IEM, ~2~: C2 + c2, and 
QJP) = (0, O), Q&T,(M)) = {Y = 01, Q&Y,(M)) = {z = 01, 
where (z, w) are coordinates in C2, z =x + iy. Using 52 define 
(1) 
N,,(M) = Q$({x=O, w=O)), 
N,‘(M) = Q,$({x=O, w=O, ?yzO}). 
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For each p E A4 we can express Q,,(M) locally as a graph over its tangent 
space {Y = 0} at the origin: 
(2) M: y = h,(x, W), h,(O,O) = 0, d/2,(0,0) = 0, 
where h, is a real valued smooth function defined in a neighborhood of the 
origin. Moreover h, can be decomposed as 
(3) I h&c w) = xf,(x w) + gp(w), f,(O,O) = 0, g,(O) = 0, &JO) = 0. 
D shall denote the unit disc {[E C; I(1 < l}, and .2’(D) the space of complex 
valued holomorphic functions in D. Consider a map I,U : D + Ck, with each 
component belonging to X(D) and to some differentiability class on D. The 
mapping I,V, or sometimes the image w(D), will be called an analytic disc in C’. 
The restriction of w to S’ = aLI, or sometimes the image w(S’), will be called 
the boundary of the disc. The point ~(0) will be called the center of the disc. 
Mainly we are interested in analytic discs whose boundaries lie on M. Bishop 
[B] derived a functional equation whose solution leads to the construction of 
a family of such discs. Many properties of the Bishop equation and its solutions 
are well known and can be found for instance in [HTl], [BP]. Here we recall 
only some basic facts. 
For any compact KC R”, and 0< a< 1, we define 
C"(K) = u: K+ I?; luIo=sup lu(x)l + sup 
Iu(x)--u(y)1 <03 
rtK .\,VEK Ix-yla 1 . 
For any nonnegative integer k, define 
Notice that C”,a(K) is a Banach algebra under the / lk a norm. 
It is well known (see [HTI]) that for a function XE Cii9a(S’), 0< a< 1, there 
exists a unique function y = TX E Ckla(S’) such that x+ iy is the boundary value 
of a holomorphic function f in D with Im f(0) = 0. The operator T is called the 
Hilbert transform on the circle, and we have the formulas 
(TX) (e”) = $ p. v. ‘{ x(e”) Irn 
0 
and for /cl<l, 
(TX)(() = & ‘{x(e’“)fm 
0 
The operator T is a bounded linear operator T : Ck-a(S’) + Ckya(S’), 0 <a < 1. 
Moreover IITIIk,U+ITIIU for k=0,1,2 ,..., (see [HTI, $31). 
For any function XE C(S’), denote its mean value by 
(4) J(x) = & ‘{ x(e”) d0. 
0 
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If we want to find analytic discs (locally) with boundaries on a hypersurface 
M given by the equation y = h(x, w), as in (2), then we have to solve the Bishop 
equation 
(5) x = c- T[h(x, w)], 
for the given data VVEX(D) fJ C”(B), CE R, where IwI,, ICI are sufficiently 
small. Such a solution exists, is unique, XE Ca(S1), J(x) = c, (see [HTl], [BP]). 
It corresponds via one-to-one manner to an analytic disc (z, w), ZE X(D) tl 
C*(D), and Izj,“~const{/cl + jwlfl}, (see [HTl, p. 3391). 
3. DEFINITIONOFTHE TYPE FUNCTION AND ITS MAIN PROPERTIES 
In this section we define the type function @J and formulate the main theorems 
from the paper [DH]. 
Let M, 52 be as in Q 2. For any p E M, the hypersurface Q,(M) is given by the 
equation (2). Fix 0 < (Y < 1, and take any w E Z@(O) tl C”(D), I WI a I 1. We can 
choose 6(p)>O, such that for 01616(p), there exists a unique solution x= 
x(6w; [) to the Bishop equation (5) for the data c= 0,6w = 6w(T). Consequently 
we have an analytic disc D 3 c-+ (z(6w; c), 6w([)) = (x(6w; <) + iy(bw; [), a~(<)), 
with the boundary on M, i.e. 
y(6w;e”) = h,(x(bw;e”),&w(e”)), 05 t527-c. 
For fixed 6 > 0 define 
@+@,a) = sup[y(6w;O)l, @-(p,6) = -inf[bw;O)], 
@(P,d) = @+(P,@+@-(P,6), 
where sup and inf are taken over w E Z(D) tl C”(D) with /WI a I 1, and w(0) = 0. 
Notice that the value y(6w;O) is given by 
(6) y(6w; 0) = J[h,(x(Gw; . >, 6w( . ))I = & *f h,(x(bw; e”), dw(e”)) d0. 
0 
Now we formulate the main results of the paper [DH]. 
THEOREM DH. 1. ([DH, Prop. 4.11). Let MC C2, acC2 be hypersurfaces as 
in $2, and @, 6 the corresponding type functions. Assume that F=(f,, f2) is 
a biholomorphic mapping of a neighborhood U of M onto a neighborhood 0 
of a such that F 1 M : M+ Ii?. Then for any compact set KC M there exist 
positive constants a, b, A, B, such that 
a@(p,b& 5 &F(P),& 5 A@(P,B~), 
and similarly for @+, 6*. 
THEOREM DH.2. ([DH, Th. I]). A point peM is of finite type m in the 
classical sense (Kohn, Bloom-Graham, D’Angelo) if and only if the limit 
lim,,,+ @(p,B)/~3~ exists, is finite, and different than zero. A point p is of 
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infinite type in the classical sense if and only if the function [0, S,] 3 6 -+ @(p, 6) 
vanishes to infinite order at zero. 
Recently, dealing with holomorphic extensions of CR functions, Tumanov 
[TU] introduced the notion of minimality of CR manifolds at a point. In the 
case of a real hypersurface A4 in C2, A4 is minimal at PEM, iff there is no 
holomorphic curve in M containing p. 
THEOREM DH.3. ([DH, Th. II]). A hypersurface McC* is not minimal at 
p EM (i.e., M contains a non-constant holomorphic curve through p) if and 
only if @(p, 6) = 0 for 6 E [0, S,], a0 > 0, sufficiently small. 
From the definition of the type function @, and by using the results of 
the paper [HT2], we can get the following corollary (for details see [DH, 
Coroll. III, and $ 61). 
COROLLARY DH.4. Every CR function in a neighborhood of p in M can be 
holomorphically extended to at least one side (locally) of M if and only if 
@(p,s)>O for small 6>0. 
4. ACHARACTERIZATIONOFHARMONICFUNCTIONS 
In 1988, in answer to a question posed by A. Nagel, J. Globevnik and 
W. Rudin [GR] proved the following characterization of harmonic functions: 
THEOREM GR. Suppose that h : D 4 IR is continuous and that 
(7) & ‘: h(w(e”)) d0 = h(0) 
0 
holds for every continuous one-to-one function w = w(c), w: D+ D, with 
w(0) = 0, which is holomorphic in D and for which w(D) is a smoothly bounded 
convex region. Then h is harmonic in D. 
Note that the above theorem involves a certain family of test functions from 
Z(D) n C(D). Here we consider an arbitrary family @C X’(D) n C(D) of func- 
tions w : D + D, w(0) = 0, and seek a condition on 9 in order that it also can 
be used as test functions in (7). This question was posed, but not solved in [GR, 
p. 4251. For our study of the type function of a hypersurface, it is natural to 
consider hEC’(D). We have found a simple condition (*) below, and also a 
theorem with a very simple proof. Following the proof of the theorem, we 
discuss examples of choices of the family Sr satisfying our condition (*). In par- 
ticular we can exhibit such a family SO which is a proper subset of the family 
of test functions that occurs in Theorem CR; thereby giving a generalization 
of their theorem. 
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DEFINITION 4.1. We say that a family .9c .X(D) n C(D) of functions w : D -+ D, 
w(0) = 0, has the property (*) if the following conditions are satisfied: 
r 1) For any p E D there exists a function w E @‘, such that p E w(S’) 
(*I I 
and 0 @ w(S’). 
2) For any nonnegative integer k there exists a two parameter holo- 
morphic deformation of w, say ws,[= w,,([)E~, s, tEc), IsI, ItI 
sufficiently small, such that [G’w,,(e”)/&s] [aw,,(e”)/iB] ls=O,l=O= 
ce jke for some constant c#O. Here c= c(p, w, k). 
3) 9 is closed with respect to multiplications by constants with 
modulus less than 1, i.e., if aEUZ=, Ial 11, and WE@, then awE@. 
THEOREM I. Let h : D-t II?, h E C(D). Suppose that there exists a family $ 
with the property (*) and such that the condition (7) is satisfied for w E 9. Then 
h is harmonic in D. 
PROOF. The argument of Globevnik and Rudin of reducing the class of func- 
tions from C(D) to C(D) fl C”(D\ (0)) . IS so simple that for completeness we 
include it here. 
Let h E C(D) and satisfy the assumptions of Theorem I. Define 
dm(T) 
h,(z) = j h(cz) ~(5) dm(i) = ! h(l) P(M) - 
D D lH2 ’ 
where dm is the Lebesgue measure in the plane and v, is a smooth function 
whose support is in a small disc in D, near the point 1, so that j. h dm = 1. It 
is obvious that the functions h, belong to C(D)U Cm(D\ {0}), satisfy the 
assumptions of the Theorem and uniformly approximate h. 
Therefore, it is enough to prove Theorem I for h ECU C”(D\{O}). 
Take p E D, w E @, p E w(S’), and a deformation { w,~} of w as in Def. 4.1. Put 
H(s, t) = & ‘{ h(w,,(e”)) de = h(0). 
0 
Then we have 
a* H(s, t) c 2n a2h(w(eie)) 
=- 
asat 
s 
s=o,r=o 2n 0 awaii, 
elk0 d0 = 0. 
Because a2 h/a war?l is a real valued function, the number k E Z, kr 0, can be 
arbitrary, then we get a2h(w(e’0))/awaw=0, Ores27r, and in particular 
a*h(p)/awaw=O. Therefore a*h/awaW=O in D\(O), and consequently h is 
harmonic in D. 
REMARKS. It should be clear to the reader that our condition (*) could be 
modified and made more general; we prefer this simple version. If the function 
h in Theorem I is of class C*(D), then the conditions 3) and O@ w(S’) can be 
dropped. In the proof of Theorem I it is possible to deal with distributional 
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derivatives but it is much simpler just to use this extremely simple reducing class 
argument of Globevnik and Rudin. 
EXAMPLE 4.1. Let 9 be the family of functions of the form w(c) = ac+ bk [“, 
k-1,2,..., which map D into D. 
EXAMPLE 4.2. Let go be the family of functions of the form w(c) =a[+ bk ck, 
k-1,2,..., where Ial < 1 and with lb,1 sufficiently small with respect to laj. 
(So as to make w(c) map D into D, be one-to-one, and have smoothly bounded 
convex image w(D); thus @,, is a proper subset of the family used in Theo- 
rem GR.) 
EXAMPLE 4.3. Let @ be the family of functions having the form w(c)= 
a,[‘+ bk ik, for any choice of a collection {(k, I)} c Z!:, such that k - I includes 
the nonnegative integers, and w(c) maps rS into D. 
5. APPLICATIONS OF THE CHARACTERIZATION OF HARMONIC FUNCTIONS TO 
THE NOTION OF POINTS OF DIFFERENT TYPES 
In this section we use the above characterization of harmonic functions and 
give very simple proofs of the extension of CR functions from a rigid (subsec- 
tion 5.1) or from a finite type (subsection 5.2) hypersurface. In subsection 5.3 
we show that if the type function @ = @(p, 6) vanishes identically with respect 
to 6>0, then there exists a formal holomorphic curve passing through p. The 
construction of the curve relies heavily on the characterization of harmonic 
functions. By using the result of [DH, $71 we prove that this formal curve is 
actually a holomorphic curve. 
A hypersurface M is extendable at p EM if and only if any CR function on M 
(near p) can be holomorphically extended to at least one side of M. A relation 
between the extendability of M and the function @ is given in Corollary DH.4 
in $ 3. This relation also shows a connection between the extendability of M and 
the hull of holomorphy of subsets of M. 
5.1. Rigid hypersurfaces 
Let a hypersurface M be given by the equation y= h(w), h(0) = 0, dh(0) =O, 
where the function h does not depend on the variable x. 
PROPOSITION 5.1. The type function @((O, 0), 6) = 0 for small 6 > 0 (i.e., M is 
not extendable at (0,O)) if and only if the function h is harmonic. 
PROOF. For the hypersurface M we solve the Bishop equation (5) for the 
parameters c = 0 and w = w(c), w(O) = 0. We get an analytic disc with boundary 
on M. If the centers of such discs are always at (0,O); i.e., the type function 
@ = @((O, 0), 6) = 0 for small 6 > 0, then looking at (6) we see that the condition 
(7) is satisfied, and by Theorem I, the function h is harmonic. The converse im- 
plication is trivial. This completes the proof. 
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If @((O, 0), 6) = 0 for small 6 > 0, then by using this Proposition there exists 
a holomorphic curve y on M, passing through the origin, given by z=H(w), 
where H(w), H(0) = 0, is the holomorphic function whose imaginary part is h. 
Of course the origin is of infinite type and not extendable. 
If @(p, 6)>0 for 6 >O sufficiently small, then to fill up (locally) at least one 
side of MCC2 by centers of analytic discs attached to M, it would suffice to 
take as data the discs 
(0,&v(.)) = (0,6a[+661,i”), lal<l, lbkl small; 
that is, from the family &. 
5.2. Hypersurfaces of finite type 
Let A4 be a hypersurface of finite type m at (O,O), and be given as in (2), (3). 
After a biholomorphic change of coordinates near (O,O), if necessary, we can 
assume (for a precise explanation see [BDN, Q 31) that the function g, which ap- 
pears in (3), is of the form 
(8) g(w) = P,(w)+&+,(w), 
where P,, is a homogeneous nonharmonic polynomial of degree m in w, W, 
and R,,,+i is a smooth function such that R,+,(w)=O(Iwl”+‘). 
PROPOSITION 5.2. If the hypersurface Mis offinite type m atp, then @(p, 6) > 
0 for 6> 0 sufficiently small (i.e., M is extendable at p). 
PROOF. Consider Bishop’s equation (5), where the function h is as above, and 
for the data (0, w), w= w(c) E&. The solution of the equation we denote by 
x=x(cr; <), where r_~ =(a, bk), I [/ I 1. Because of the form of g in (S), we get 
immediately that the lowest order term of ~(a; [) with respect to (Y is 
de. 
Notice that in this case, the type function @(p, 6) cannot vanish for p = (0,O) 
and 6>0 sufficiently small. Indeed, if @ does vanish, then 
(Y;e’8)f(x(a;e’B),ae’“+bke’kH)dB+2~P,,(ae’H+bke’kN)dBt 
+ 7 R, + , (ae” + bkeikO) de = 0, 
0 
0 
because the first and the third terms are of order at least m + 1 with respect 
to (Y, and the second term is of order exactly m. Therefore the second term 
vanishes identically. Using Theorem I we get that the polynomial P,, is har- 
monic which contradicts our assumption. 
It is very easy to see that we can reduce even farther the size of the family 
of test functions w(. ) by taking only a finite number k, k< some K(m), de- 
pending on the finite type m. 
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5.3. Formal solution to the Bishop equation 
Recall that by Theorem DH.3 we have: If @(p, a)=0 for small 6 >0, then 
there exists a non-constant holomorphic curve lying on A4 and passing through 
p. The proof of this implication given in [DH] was not particularly construc- 
tive. Here we show how, by using our characterization of harmonic functions 
in a very elementary way, it is possible to construct a formal holomorphic curve 
on M passing through p. Then we prove that the formal holomorphic curve is 
an actual holomorphic curve lying on M. Thus we obtain a more constructive 
approach to the existence of this curve. The main features of this subsection 
are the explicit construction of the formal curve and Theorem II. 
Let a hypersurface Mbe given as in (2) where the function h is of the form (3). 
Assume now that @((O, 0), a)=0 for a~ [0,&l. We show here that for any 
n, n 2 2, there exists a homogeneous harmonic polynomial x,=x,(w) of degree 
n such that for the formal power series 
(9) x(w) = x2(w) +x,(w) + . . . 
the formal Taylor series of 
(10) x(w) + ih(x(w), w) 
is formally holomorphic. 
Consider any w(. ) E &, w(c) = a[+ bk c”, k = 1,2, . . . . If j WI a is sufficiently 
small, we write down the Bishop equation and the condition that follows from 
@((0,0),6)=0. The solution to the Bishop equation we denote by x(cr; 0, 
(x = (a, bk). So we have 
(11) 
1 
x(cz;[) = -G 2~x(a;e”)f(x(u;e’B),ae’8+bkeiX’)Zm 
0 
aeiH + b, eikO) Im 
d0 
(12) 2! (x a; e’“) f (x(a; e’*), aeiQ + b,e’“‘) d0 + ‘{ g(ae” + b,efke) d0 = 0, 
0 
(13) ‘[x(a;e”)d@= 0. 
Take the formal Taylor series of the function g 
(14) g(w) =g,(w)+g,,+i(w)+ . . . . mz2. 
We now solve formally the equations (1 l)-(12) with respect to homogeneous 
parts in the variable (Y =(a, bk) of the function x=x(c-w; [) and get a formal 
series of x with respect to such homogeneous parts: 
(15) x(a;i)=x/(a;i)+x,+,(cr;i)+.... 
It is very easy to see that Ir2. Because the order of homogeneity of the first 
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integral in (11) is at least I+ 1 we get that xl = 0 for I< m (m as in (14)), and 
(16) ~,(a; [) = -& *f g,(ae”+ b,eike) Im 
0 
Now taking the homogeneous part of order m in (12) we get 
i” gm(ae’O + bkeiko) de = 0, 
which gives, by Th.1, that g, is a harmonic polynomial. 
gives that the function x, is a harmonic conjugate to g,, 
the form 
Consequently, (16) 
and therefore is of 
(17) -%(a; c) = @&i-t bk ck) 
for some homegeneous harmonic polynomial Q, =e,(w) of degree m. 
Now we can prove by induction that x, is of the form ~,(a; [) = @,(a[+ bk ik), 
for some homogeneous harmonic polynomial Q, = e,(w) of degree n. In order 
to avoid a messy notation, and because the idea is exactly the same, we show 
the induction step from x, to x,,, ,_ ,, where m + 12 3. 
Take the homogeneous part of order m + 1 with respect to a of both sides 
of (11). 
(18) 
-& Txm(a;e;*) L~(ae;*+bke;ke,,~(~e-i*+b*e”“)jx 
de - 21, *f g,, + , (ae” + bk eiko) Im de. 
0 
Then take the homogeneous part of order m + 1 of (12), and use (17). We get 
(19) 
af 6x0) af co,01 
~ (ae” + bk eike) + ~ aii (de-” + bk emiks) de t 
aw 
+2jgm+,(ae~e+bkeiko)d67=0. 
0 
But now, (19) together with Th. 1 gives that the function 
(20) 
af (o,o) 
e,(w) 7 
[ 
w + af (o,o) 
~ VQ aii, 1 +gm+l(w) 
is a harmonic homogeneous polynomial of degree m + 1, and x,,, is of the 
form 
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where Q, + , = Q, + 1(w) is a harmonic homogeneous polynomial of degree m + 1 
conjugate to (20). 
We have constructed a formal harmonic function (9), and because X(W) is a 
formal solution to the Bishop equation, then it is clear that the formal Taylor 
series at 0 of x(w) + ih(x(w), w) is formally holomorphic. 
Notice that the formal solution x=x(w), constructed above, gives that the 
formal holomorphic curve w + (x(w) + ih(x(w), w), w) is formally tangent to M 
at (0,O) of infinite order. 
THEOREM II. Let a hypersurface M be given as in (2). Then the formal power 
series (9) constructed in this subsection converges, and the formal function (10) 
is holomorphic for I WI small. Hence the formal holomorphic curve above is an 
actual holomorphic curve lying on A4 and passing through (0,O). 
PROOF. By Theorem DH.3 from 5 3 we have that the hypersurface A4 contains 
a holomorphic curve; i.e., there exists a harmonic function x*=x*(w) such that 
the function w + x*(w) + ih(x*(w), w) is holomorphic. From the method of con- 
struction, we see that the Taylor series at w = 0 of this holomorphic function 
and the formal power series of (10) are the same. That gives that the formal 
function (10) is actually holomorphic for small 1 WI. The theorem is proved. 
6. HYPERSURFACES OF THE FORM y-xf(x, w)+g(lwl) 
Recall that the general hypersurface has an equation of the form y= 
xf(x, w) +g(w), so it could be of some interest to consider the case where one 
has y=xf(x, w) + g( 1 WI). A nice feature of this class of hypersurfaces is that 
@(0,6)=0 for small 6 >0 if and only if g(d)=0 for small 6>0. 
Consider the Bishop equation (5) with the function h(x, w) =x f (x, w) + g( 1 w /) 
for the parameters (0, w), where w(c) = SC, 6 > 0 is sufficiently small. Then the 
Bishop equation (5) takes the form 
(21) x = -T[xf(x, w)] 
because T[g(l wl)] =O. By the uniqueness of the solution of (21) we get that 
x=0. 
Now assume that the type function @ = @(p, 6) vanishes for p = (0,O) and 
6 > 0 sufficiently small. Then we get 
and consequently g = 0 in a small neighborhood of 0. The converse is obvious. 
So if gf0, then the origin is an extendable point. 
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